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▷ 1. Ðåøèòå óðàâíåíèå x2 −
√
224− x = 224. Â îòâåòå çàïèøèòå ñóììó öåëûõ

÷àñòåé íàéäåííûõ ðåøåíèé.

Ðåøåíèå:
Îáîçíà÷èì ÷èñëî 224 áóêâîé a. Ïîëó÷èì óðàâíåíèå ñ ïàðàìåòðîì: x2−

√
a− x =

a. Ïåðåíåñ¼ì êîðåíü â ïðàâóþ ÷àñòü, ïàðàìåòð a â ëåâóþ ÷àñòü è âîçâåä¼ì
óðàâíåíèå â êâàäðàò. Ïîëó÷åííîå óðàâíåíèå ðàññìîòðèì êàê êâàäðàòíîå îòíî-
ñèòåëüíî a: a2 − (2x2 + 1)a+ x4 + x = 0.
Åãî äèñêðèìèíàíò D = (2x2 + 1)2 − 4(x4 + x) = (2x − 1)2, ïîýòîìó a =
(2x2+1)±(2x−1)

2 .
Òàêèì îáðàçîì, äàííîå óðàâíåíèå ðàñïàäàåòñÿ íà äâà óðàâíåíèÿ: a = x2 + x
èëè a = x2 − x+ 1.
Âûÿñíèì, êàêèå êîðíè ýòèõ êâàäðàòíûõ (óæå îòíîñèòåëüíî x) óðàâíåíèé íóæ-
íî âêëþ÷èòü â îòâåò, à êàêèå �� ïîñòîðîííèå. Èç íà÷àëüíîé çàïèñè x2 − a =√
a− x, òàê ÷òî x2 − a ⩾ 0. Äëÿ ïåðâîãî óðàâíåíèÿ èìååì x2 − a = −x,

ñëåäîâàòåëüíî, x ⩽ 0; äëÿ âòîðîãî óðàâíåíèÿ: x2 − a = x − 1, â ýòîì ñëó-
÷àå îñòàâëÿåì òîëüêî êîðåíü x ⩾ 1. Ïîëîæèì íàçàä a = 224. Äëÿ ïåðâîãî

óðàâíåíèÿ x2 + x − 224 = 0 îòðèöàòåëüíûé êîðåíü ðàâåí x1 = − 1+
√
896+1
2 ,

−15, 5 < x1 < −15. Äëÿ âòîðîãî óðàâíåíèÿ â îòâåò âîéä¼ò êîðåíü, áîëüøèé 1:

x2 = 1+
√
892+1
2 , 15 < x2 < 15, 5.

x1 + x2 = −16 + 15 = −1.
Îòâåò: -1.

▷ 2. Ïóñòü a1a2 . . . ak - äåñÿòè÷íàÿ çàïèñü k-çíà÷íîãî ÷èñëà. Íàéäèòå âñå
øåñòèçíà÷íûå ÷èñëà, äëÿ êîòîðûõ âûïîëíÿåòñÿ ñîîòíîøåíèå
a1a2a3a4a5a6 = a1a2a3 · a4a5a6 + 2024.

Ðåøåíèå:
a1a2a3 = x ∈ [100; 999], a4a5a6 = y ∈ [100; 999]
1000x+ y = x · y + 2024
(x− 1)y − 1000(x− 1) + 1024 = 0
(x− 1)(1000− y) = 1024 = 210{
x− 1 = 128

1000− y = 8

{
x = 129

y = 992

{
x− 1 = 256

1000− y = 4

{
x = 257

y = 996{
x− 1 = 512

1000− y = 2

{
x = 513

y = 998
129992− 129 · 992 = 2024
257996− 257 · 996 = 2024
513998− 513 · 998 = 2024.
Îòâåò: (129992, 257996, 513998).

▷ 3. Íà äîñêå íàïèñàíî 100 ÷èñåë. Ñðåäè âñåõ èõ ïîïàðíûõ ïðîèçâåäåíèé
ðîâíî 2000 îòðèöàòåëüíûõ. Ñêîëüêî èç èñõîäíûõ ÷èñåë ðàâíû 0?

Ðåøåíèå:
Ïóñòü ñðåäè íàïèñàííûõ ÷èñåë x ïîëîæèòåëüíûõ è y îòðèöàòåëüíûõ. (x, y ��
íàòóðàëüíûå ÷èñëà, x+y ⩽ 100). Òàê êàê îòðèöàòåëüíîå ïðîèçâåäåíèå âîçíèêà-
åò òîëüêî ïðè óìíîæåíèè ÷èñåë ðàçíîãî çíàêà, ñðåäè ïîïàðíûõ ïðîèçâåäåíèé
ðîâíî xy îòðèöàòåëüíûõ. Èìååì xy = 2000. Òîãäà íàèáîëüøåå èç ÷èñåë x è
y íå ïðåâîñõîäèò

√
2000, ò. å. íå ìåíåå 44. Êðîìå òîãî, ýòî ÷èñëî ÿâëÿåòñÿ

äåëèòåëåì ÷èñëà 2000 = 24 · 53, ïîýòîìó â åãî ðàçëîæåíèè íà ïðîñòûå ìíî-
æèòåëè ïðèñóòñòâóþò òîëüêî ÷èñëà 2 è 5, ïðè÷¼ì 2 â ñòåïåíè íå áîëüøå, ÷åì
4. Ëåãêî âèäåòü, ÷òî òàêèìè ÷èñëàìè, ëåæàùèìè â èíòåðâàëå [44; 100], áóäóò
òîëüêî ÷èñëà 50 è 100. Èç óðàâíåíèÿ xy = 2000 íàõîäèì, ÷òî âòîðîå ÷èñëî ïðè
ýòîì áóäåò ðàâíÿòüñÿ 20 èëè 1 ñîîòâåòñòâåííî. Ïàðà (100;1) íå óäîâëåòâîðÿåò
óñëîâèþ x + y ⩽ 100. Îñòà¼òñÿ äâà âàðèàíòà: 50 îòðèöàòåëüíûõ ÷èñåë, è 20
ïîëîæèòåëüíûõ, èëè íàîáîðîò. Â îáîèõ ñëó÷àÿõ ÷èñëî íåíóëåâûõ ÷èñåë 70, à
ïîýòîìó ñðåäè èñõîäíûõ ÷èñåë ðîâíî 30 íóëåâûõ.
Îòâåò: 30.

▷ 4. Â 28-çíà÷íîå ÷èñëî 3*4*1*0*8*2*40923*0*320*2*56 ñëó÷àéíûì îáðàçîì
âìåñòî çâåçäî÷åê çàïèñûâàþòñÿ öèôðû 0,1,2,3,4,5,6,7,8,9. Êàêîâà âåðîÿòíîñòü,
÷òî ïîëó÷åííîå ÷èñëî áóäåò äåëèòüñÿ íà 396?

Ðåøåíèå:
Äëÿ òîãî, ÷òîáû ÷èñëî äåëèëîñü íà 396, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îíî
äåëèëîñü íà 4, 9 è 11. Ïîñêîëüêó ÷èñëî îêàí÷èâàåòñÿ íà 56, òî îíî äåëèòñÿ íà 4.
Ñóììà öèôð ÷èñëà ðàâíà 99, ïîýòîìó îíî äåëèòñÿ íà 9. Ñóììà öèôð ñòîÿùèõ
íà íå÷åòíûõ ìåñòàõ ðàâíà 44, íà ÷åòíûõ 55, èõ ðàçíîñòü äåëèòñÿ íà 11. Ò.å.
âñåãäà äåëèòñÿ íà 11. Äîñòîâåðíîå ñîáûòèå.
Îòâåò: 1.

▷ 5. Ñêîëüêî ñóùåñòâóåò òðîåê ðàçëè÷íûõ öåëûõ ÷èñåë, óäîâëåòâîðÿþùèõ
óñëîâèþ: êâàäðàò ëþáîãî èç íèõ íà 2025 ìåíüøå ïðîèçâåäåíèÿ äâóõ äðóãèõ
÷èñåë?



Ðåøåíèå:

Ïóñòü a > b > c èñêîìûå öåëûå ÷èñëà


a2 = bc+ 2025 (1)

b2 = ac+ 2025 (2)

c2 = ab+ 2025 (3)

(1)− (2) =⇒ (a− b)(a+ b+ c) = 0 =⇒ a+ b+ c = 0
a2 + b2 + c2 + 2ab+ 2bc+ 2ca = 0
3ab+ 3bc+ 3ca = −3 · 2025{
ab+ bc+ ca = −2025

a+ b+ c = 0
ab− (a+ b)2 = −2025 , a2 + ab+ b2 = 2025

(a+ b
2 )

2 = 2025− 3
4b

2 =⇒ |b|
√

4·2025
3 ;

[
4·2025

3

]
= 51

b = −51,−50, . . . , 50, 51

a = − b
2 ±

√
2025− 3

4b
2 ,

2025− 3
4b

2 = ,
b = 0 , a = ±45 , c = ∓45 , 2 ðåøåíèÿ
Â ñèëó ñèììåòðèè 6 ðåøåíèé:
(0; 45;−45), (0;−45; 45), (45; 0;−45), (−45; 0; 45), (45;−45; 0), (−45; 45; 0).
Ïîêàæåì, ÷òî óðàâíåíèå 2025− 3

4b
2 = h2 ðåøåíèé, êðîìå b = 0, íå èìååò. Ïóñòü

b = 2b1 2025 = 3b21 + h2, 2025
...3 =⇒ h2

...3, h = 3h1

675 = 3b21 + 3h2
1, 675

...3 =⇒ b21
...3, b1 = 3b2

225 = 3b22 + 3h2
1, 225

...3 =⇒ h2
1

...3, h1 = 3h2

75 = 3b22 + 3h2
2, 75

...3 =⇒ b22
...3, b2 = 3b2

25 = 3b23 + 3h2
2, ðåøåíèé íåò.

▷ 6. Âû÷èñëèòå (23−1)(33−1)...(503−1)
(23+1)(33+1)...(503+1) . Îòâåò çàïèøèòå â âèäå íåñîêðàòèìîé

îáûêíîâåííîé äðîáè.

Ðåøåíèå:
Ðåøèì çàäà÷ó â îáùåì ñëó÷àå: S = (23−1)(33−1)...(503−1)

(23+1)(33+1)...(503+1)

k3 − 1 = (k − 1)(k2 + k + 1) , k3 + 1 = (k + 1)(k2 − k + 1)
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ: ak = k2 + k + 1 , bk = k2 − k + 1.
Íåòðóäíî ïîêàçàòü, ÷òî ak = bk+1

Â ýòîì ñëó÷àå S = (2−1)(22+2+1)·(3−1)(32+3+1)...(n−1)(n2+n+1)
(2+1)(22−2+1)·(3+1)(32−3+1)...(n+1)(n2−n+1) =

1·a2·2·a3·...(n−1)·an

3·b2·4·b3·...(n+1)·bn =
2·an

b2·n(n+1) =
2
3 (1 +

1
n2+n ) =

2
3 (1 +

1
502+50 ) =

2551
3825 .

Îòâåò: 2551
3825 .

▷ 7. Êàêèå ïîñëåäíèå òðè öèôðû ñîäåðæèò çàïèñü ÷èñëà 72024?

Ðåøåíèå:
Ïîñëåäíèå 4 öèôðû

71 = 7 72 = 49 73 = 343 74 = 2401 75 = 6807 76 = 7649 77 = 3543
78 = 4801 79 = 3607 710 = 5249 711 = 6743 712 = 7201 713 = 0407 714 = 2849
715 = 9943 716 = 9601 717 = 7207 718 = 0449 719 = 3143 720 = 2001 721 = 4007
722 = 8049 723 = 6343 724 = 4401 725 = 0807 726 = 6649 727 = 9543 728 = 6801
2024 = 20 ∗ 101 + 4
72024 = (720)101 · 74 ≡ 2001 · 2401 ≡ 401
Îòâåò: 401.

▷ 8. Çàïèñü ïîëîæèòåëüíîãî ÷èñëà, êðàòíîãî äåâÿòè, ñîñòîèò òîëüêî èç öèôð
3 è 7. Ñóììà âñåõ åãî öèôð äåëèòñÿ íà 11. Íàéäèòå íàèìåíüøåå òàêîå ÷èñëî.

Ðåøåíèå:
k òðîåê, n ñåìåðîê. Òîãäà 3k + 7n = 99t k + n → min ⇒ t = 1 3k + 7n = 99 ⇒

n = 3n1 ⇒ k + 7n1 = 33

n1 1 2 3 4
k 26 19 12 5
n 3 6 9 12

k + n 29 25 21 17

.

Îòâåò: 33...3︸ ︷︷ ︸
5

77...7︸ ︷︷ ︸
12

.

▷ 9. Â íåêîòîðîì ãîñóäàðñòâå ñëîæåíèå è âû÷èòàíèå îáîçíà÷àåòñÿ çíàêàìè
�!� è �?�, íî âàì íåèçâåñòíî, êàêîé çíàê êàêîé îïåðàöèè ñîîòâåòñòâóåò. Êàæ-
äàÿ îïåðàöèÿ ïðèìåíÿåòñÿ ê äâóì ÷èñëàì, íî ïðè âû÷èòàíèè âàì íåèçâåñòíî,
âû÷èòàåòñÿ ëåâîå ÷èñëî èç ïðàâîãî èëè ïðàâîå èç ëåâîãî. Ê ïðèìåðó, âûðàæå-
íèå a?b îáîçíà÷àåò îäíî èç ñëåäóþùèõ: a− b, b− a èëè a+ b. Âàì íåèçâåñòíî,
êàê çàïèñûâàþòñÿ ÷èñëà â ýòîì ãîñóäàðñòâå, íî ïåðåìåííûå a, b è ñêîáêè åñòü
è èñïîëüçóþòñÿ êàê îáû÷íî. Îáúÿñíèòå, êàê ñ ïîìîùüþ íèõ è çíàêîâ �!�, �?�
çàïèñàòü âûðàæåíèå, êîòîðîå ãàðàíòèðîâàííî ðàâíî 25a− 20b.

Ðåøåíèå:
Çàìåòèì, ÷òî âûðàæåíèå (a?a)!(a?a) âñåãäà ðàâíî íóëþ. â äàëüíåéøåì ìû ìî-
æåì èñïîëüçîâàòü 0, ïîäðàçóìåâàÿ, ÷òî âìåñòî íåãî äîëæíî áûòü çàïèñàíî
èìåííî ýòî âûðàæåíèå. Âûðàæåíèå (x?0)?(0?y) âñåãäà ðàâíî x+y. Àíàëîãè÷íî,
òåïåðü ìû ìîæåì èñïîëüçîâàòü îïåðàöèþ + ñ äâóìÿ àðãóìåíòàìè. Âûðàæåíèå
0?((0!(x!0))?0) âñåãäà ðàâíî −x.
Òåïåðü ëåãêî âûïèñàòü èñêîìîå âûðàæåíèå
((...(a+ a) + ...+︸ ︷︷ ︸

+24

a) + (−((...(b+ b) + ...+︸ ︷︷ ︸
+19

b)).

▷ 10. Íàéäèòå õîòÿ áû îäíó òðîéêó ïîïàðíî ðàçëè÷íûõ íàòóðàëüíûõ ÷èñåë
m, n, k òàêèõ, ÷òî m3 + n3 + k3 = 96059601.

Ðåøåíèå:



S(96059601) = 9 · 10673289(= N1) = 92 · 1185921(= N2) = 93 · 131769(= N3) =
94 · 14641(= N4) =

S(N) = 36, S(N1) = 36, N1

...9, S(N2) = 27, N2

...9, S(N3) = 27, N3 vdot9, N4

...11 =
11 · 1331 = 112 · 121 = 114 S1 = 1 + 6 + 1 = 8, S2 = 4 + 4 = 8, S1 − S2 = 0
N = 94 · 114 = 994

m = α · 99, n = β · 99, k = γ · 99
23 = 8, 33 = 27, 43 = 64, 23 + 33 + 43 = 99
α3 + β3 + γ3 = 99
α = 2, β = 3, γ = 4
(198, 297, 396).
Îòâåò: (198,297,396).


