
Îëèìïèàäà

øêîëüíèêîâ ïî ìàòåìàòèêå

¾ÒÈÈÌ-2025¿

Çàêëþ÷èòåëüíûé òóð

9 ôåâðàëÿ 2025 ãîäà

11 êëàññ (Åâðîïà)

▷ 1. Ðàçðåæüòå êâàäðàò íà 22 ïðÿìîóãîëüíèêà, íåîáÿçàòåëüíî îäèíàêî-

âûõ, òàêèõ, ÷òî ïåðèìåòð êàæäîãî èç íèõ ðàâåí ïîëóïåðèìåòðó èñõîäíîãî

êâàäðàòà.

Ðåøåíèå:

Ïåðèìåòð êâàäðàòà ðàâåí P = 4a.

n−2
n a× n−2

n a · 1
k

p1 = 2
(
n−1
n a+ a

n

)
= 2a

k + 4 = 22

n−2
n · k+1

k = 1

nk − 2k + n− 2 = nk

n = 2k + 2 = 2(N − 4) + 2 = 2N − 6

Åñëè N = 22 ⇒ n = 38, k = 18

37
38a : a

38 ⇒ 4

18
19a : a

18 ⇒ 18

N = 4 + 18 = 22

▷ 2. ×èñëà îò 1 äî N âûïèñàíû ïîäðÿä â âåðøèíû ïðàâèëüíîãî N -

óãîëüíèêà (ïî ÷àñîâîé ñòðåëêå). Íà÷èíàÿ ñ ïåðâîãî ÷èñëà îòìå÷àåòñÿ êàæ-

äîå k-îå ÷èñëî (ò.å. ÷èñëà 1, k + 1, 2k + 1, . . . ), ïðè÷¼ì ïðè ïîâòîðíûõ îáî-

ðîòàõ ó÷èòûâàþòñÿ è îòìå÷åííûå ÷èñëà. Îòìåòêè ïðîäîëæàþòñÿ äî òåõ

ïîð, ïîêà íå îêàæåòñÿ, ÷òî âñå ÷èñëà, êîòîðûå îòìå÷àþòñÿ óæå îòìå÷åíû.

Ñêîëüêî ÷èñåë îñòàíåòñÿ áåç îòìåòêè, åñëè N = 2025, k = 13?

Ðåøåíèå:

N = 2025, k = 13

1 îáîðîò (1, 14, 27, . . . , 2016) 2016 = 13 · 155 + 1

îòìå÷åíû 156 ÷èñåë 2016 + 13− 2025 = 4

2 îáîðîò (4, 17, 30, . . . , 2019) 2019 = 13 · 155 + 4

îòìå÷åíû 156 ÷èñåë 2019 + 13− 2025 = 7

3 îáîðîò (7, 20, 33, . . . , 2022) 2022 = 13 · 155 + 7

îòìå÷åíû 156 ÷èñåë 2022 + 13− 2025 = 10

4 îáîðîò (10, 23, 36, . . . , 2025) 2025 = 13 · 155 + 10

îòìå÷åíû 156 ÷èñåë 2016 + 13− 2025 = 4

5 îáîðîò (13, 26, 39, . . . , 2015) 2015 = 13 · 155 + 0

îòìå÷åíû 155 ÷èñåë 2015 + 13− 2025 = 3

6 îáîðîò (3, 16, 29, . . . , 2018) 2018 = 13 · 155 + 3

îòìå÷åíû 156 ÷èñåë 2018 + 13− 2025 = 6

7 îáîðîò (6, 19, 32, . . . , 2021) 2021 = 13 · 155 + 6

îòìå÷åíû 156 ÷èñåë 2021 + 13− 2025 = 9

8 îáîðîò (9, 22, 35, . . . , 2024) 2024 = 13 · 155 + 9

îòìå÷åíû 156 ÷èñåë 2024 + 13− 2025 = 12

9 îáîðîò (12, 25, 38, . . . , 2014) 2014 = 13 · 154 + 12

îòìå÷åíû 155 ÷èñåë 2014 + 13− 2025 = 2

10 îáîðîò (2, 15, 28, . . . , 2017) 2017 = 13 · 155 + 2

îòìå÷åíû 156 ÷èñåë 2017 + 13− 2025 = 5

11 îáîðîò (5, 18, 31, . . . , 2020) 2020 = 13 · 155 + 5

îòìå÷åíû 156 ÷èñåë 2020 + 13− 2025 = 8

12 îáîðîò (8, 21, 34, . . . , 2023) 2023 = 13 · 155 + 8

îòìå÷åíû 156 ÷èñåë 2023 + 13− 2025 = 11



13 îáîðîò (11, 24, 37, . . . , 2013) 2013 = 13 · 154 + 11

îòìå÷åíû 155 ÷èñåë 2013 + 13− 2025 = 1

⇒

1 îáîðîò (1, 14, 27, . . . , 2016) 2016 = 13 · 155 + 1

îòìå÷åíû 156 ÷èñåë 2016 + 13− 2025 = 4

. . .

Çíà÷èò, âñå ÷èñëà îòìå÷åíû.

Îòâåò: 0.

▷ 3. Íàéäèòå êîýôôèöèåíò ïðè x11 ó ìíîãî÷ëåíà
(
1 + x+ x3

)6
.

Ðåøåíèå:

(a+b)n = an+C1
na

k−1b+· · ·+Cn−2
n a2bn−2+Cn−1

n abn−1+bn =
∑n

k=0C
k
na

n−kbk

Ck
n = n!

k!(n−k)!

(a+b+c)n =
∑n

k=0C
k
na

n−k(b+c)k =
∑n

k=0C
k
na

n−k(b+c)k =
∑n

k=0C
k
na

n−k
∑k

s=0C
s
kb

k−scs(
1 + x+ x3

)6
a = 1, b = x, c = x3, n = 6∑6

k=0C
k
n

∑k
s=0C

s
kx

k−s(x3)s =
∑6

k=0

∑k
s=0C

k
nC

s
kx

k+2sk + 2s = 11

0 ⩽ s ⩽ k ⩽ 6
⇒ 0 ⩽ s ⩽ 5

s = 0

k = 11 > 6
⇒

s = 1

k = 9 > 6
⇒

s = 2

k = 7 > 6
⇒

s = 3

k = 5

k + 2s = 11

C5
6 · C3

5 = 6!
5!1! ·

5!
3!2! = 60.

Îòâåò: 60.

▷ 4. Íàéäèòå, ïî êðàéíåé ìåðå, ïàðó òðîåê (m,n, k) ðàçëè÷íûõ íàòóðàëü-

íûõ ÷èñåë, òàêèõ ÷òî 1
2025 = 1

m + 1
n + 1

k .

Ðåøåíèå:

2025 = 52 · 34 = 1 · 25 · 81 = 3 · 5 · 135

à) 1
2025 = 1

x + 1
25x + 1

81x = 2025+81+25
2025x = 2131

2025x = 1
2025 x = 2131

(2131; 53275; 172611)

ÍÎÊ(a, b, c)= 2025

a = 81, b = 45, c = 75

á) 1
2025 = 1

ax + 1
bx + 1

cx = 1
81x + 1

45x + 1
75x = 25+45+27

2025x = 97
2025x = 1

2025 x = 97

(7857; 4365; 7275)

▷ 5. Â êàæäîé âåðøèíå òðåóãîëüíîé ïèðàìèäû íàïèñàíû íåêîòîðûå ÷èñ-

ëà. Íà êàæäîì ðåáðå íàïèñàíî ÷èñëî ðàâíîå ñóììå ÷èñåë, ñòîÿâùèõ íà åãî

êîíöàõ. Èçâåñòíî, ÷òî ñóììà ÷èñåë íà âñåõ ðåáðàõ ðàâíà a è ñóììà êâàä-

ðàòîâ ðàâíà b. ×åìó ðàâíû ñóììà èõ êóáîâ, åñëè a = 3, à b = 3?

Ðåøåíèå:

(x1 + x2) + (x1 + x3) + (x1 + x4) + (x2 + x3) + (x2 + x4) + (x3 + x4) = a

3(x1 + x2 + x3 + x4) = a

x1 + x2 + x3 + x4 =
a
3 b = (x1 + x2)

2 + (x1 + x3)
2 + (x1 + x4)

2 + (x2 + x3)
2 +

(x2+x4)
2+(x3+x4)

2 = 3(x21+x22+x23+x24)+ 2(x1x2 + · · ·+ x3x4)︸ ︷︷ ︸
(x1+x2+x3+x4)2−(x2

1+x2
2+x2

3+x2
4)

=

= 2(x21 + x22 + x23 + x24) + (x1 + x2 + x3 + x4)
2 ⇒

x21 + x22 + x23 + x24 =
b−a2

9
2 = 9b−a2

18

(x1 + x2)
3 + (x1 + x3)

3 + (x1 + x4)
3 + (x2 + x3)

3 + (x2 + x4)
3 + (x3 + x4)

3 =

= (x1+x2+x3+x4)(x
2
1+2x1x2+x22+x23+2x3x4+x24−x1x3−x1x4−x2x3−x2x4)+

+(x1+x2+x3+x4)(x
2
1+2x1x3+x23+x22+2x2x4+x24−x1x2−x1x4−x2x3−x3x4)+

+(x1+x2+x3+x4)(x
2
1+2x1x4+x24+x22+2x2x3+x23−x1x2−x1x3−x2x4−x3x4) =

(x1 + x2 + x3 + x4)
[
3(x21 + x22 + x23 + x24)

]
= a

3 · 9b−a2

18 · 3 = a(9b−a2)
18

a = 3, b = 3 ⇒ a(9b−a2)
18 = 3·(9·3−32)

18 = 3

Îòâåò: 3.

▷ 6. Äàíà ïðÿìîóãîëüíàÿ ïèðàìèäà SABC, èçâåñòíî, ÷òî SB - âûñîòà



ýòîé ïèðàìèäû, ∠ABC = α è SB = AC. Íà SB êàê íà äèàìåòðå ïîñòðîèëè

ñôåðó, îíà ïåðåñåêàåò SA è SC â V è L ñîîòâåòñòâåííî. Âû÷èñëèòå îáú¼ì

ïèðàìèäû SMBL, åñëè SB = h è îáú¼ì ABC ðàâåí V . (α = 60◦, h =

3
√
3, V = 1

3)

Ðåøåíèå:

Ðåøèì çàäà÷ó â îáùåì ñëó÷àå. Ïðîâåä¼ì BM è BL â ñîîòâåòñòâóþùèõ

áîêîâûõ ãðàíÿõ, çàìåòèì òî, ÷òî ∠BMS è ∠BLS âïèñàííûå óãëû, îïèðàþ-

ùèåñÿ íà äèàìåòð, ñëåäîâàòåëüíî, îíè ïðÿìûå, òî åñòü BM è BL - âûñîòû

èç ïðÿìîãî óãëà â △SAC è △ACB ñîîòâåòñòâåííî. Îáîçíà÷èì AB = a,

BC = b, òîãäà èç ñîîòíîøåíèé â ïðÿìîóãëüíîì òðåóãîëüíèêå çíàåì, ÷òî

SM

MA
=

SB2

AB2
=

h2

a2
SL

LC
=

SB2

BC2
=

h2

b2

Òîãäà ðàç ïèðàìèäû SABC è SMBL èìåþò îáùèé òðåõãðàííûé óãîë, òî

èõ îáú¼ìû ñâÿçàíû ñëåäóþùèì ñîîòíîøåíèåì

VSMBL

VSABC
=

SM

SA
· SB
SB

· SL
SC

VSMBL =
h4

(h2 + a2)(h2 + b2)
· V

Çàïèøåì ôîðìóëó îáú¼ìà SABC

VSABC =
1

3
SB · SABC

V =
1

6
h · ab sinα

ab =
6V

h sinα

Ïî òåîðåìå êîñèíóñîâ äëÿ △ABC :

h2 = a2 + b2 − 2ab cosα

a2 + b2 = h2 + 2ab cosα

a2 + b2 = h2 +
12V cosα

h sinα

Òåïåðü ïîäñòàâèì ïîëó÷èâøèåñÿ âûðàæåíèÿ â ôîðìóëó äëÿ îáú¼ìà SMBL

è ïðèìåíèâ òåîðåìó Ïèôàãîðà, ïîëó÷èì

VSMBL =
h4V

(h2 + a2)(h2 + b2)
=

h4V

h4 + h2(a2 + b2) + (ab)2
=

=
h4V

2h4 + 12V h cosα
sinα + 36V 2

h2 sin2 α

=
h6V sin2 α

2h6 sin2 α+ 12V h3 cosα sinα+ 36V 2

Ïîäñòàâëÿÿ çíà÷åíèÿ â ôîðìóëó, ïîëó÷àåì îòâåò

9

12
√
3 + 70

.

Îòâåò: 9
12

√
3+70

.

▷ 7. Èç ïîëíîãî íàáîðà òðåõçíà÷íûõ ÷èñåë íàóäà÷ó âûáèðàåòñÿ îäíî (÷èñ-

ëà íå ìîãóò íà÷èíàòüñÿ ñ öèôðû 0). Íàéòè âåðîÿòíîñòü òîãî, ÷òî öèôðû â

çàïèñè ýòîãî ÷èñëà ðàñïîëàãàþòñÿ:

à) â ïîðÿäêå óáûâàíèÿ ñëåâà íàïðàâî

á) â ïîðÿäêå íåóáûâàíèÿ ñëåâà íàïðàâî

Ðåøåíèå:

à) Ïóñòü ñîáûòèå A - ïîëó÷åíèå òð¼õçíà÷íîãî ÷èñëà, öèôðû â çàïèñè

êîòîðîãî ðàñïîëîæåíû â ïîðÿäêå óáûâàíèÿ ñëåâà íàïðàâî (íàïðèìåð, 320,

951). Îáùåå êîëè÷åñòâî òð¼õçíà÷íûõ ÷èñåë N ðàâíî êîëè÷åñòâó ÷èñåë îò

100 äî 999, ïîýòîìó n = 999 − 100 + 1 = 900. Ëþáûå 3 ðàçëè÷íûå öèô-

ðû, èçâëå÷åííûå èç äàííûõ 10 öèôð: 0, 1, . . . , 8, 9 - ìîæíî åäèíñòâåííûì

ñïîñîáîì óïîðÿäî÷èòü ïî óáûâàíèþ, ïîýòîìó ÷èñëî áëàãîïðèÿòñòâóþùèõ



ñîáûòèé ñîáûòèþ A èñõîäîâ

M = C3
10 =

10!

7!3!
= 120.

Ñëåäîâàòåëüíî,

P (A) =
M

N
=

120

900
=

4

30
= 0, 13333.

á) Âñå òð¼õçíà÷íûå ÷èñëà, öèôðû êîòîðûõ ðàñïîëîæåíû â ïîðÿäêå íåóáû-

âàíèÿ, ìîãóò ñîäåðæàòü ëþáûå òðè öèôðû èç ñëåäóþùèõ äåâÿòè: 9, 8, . . . , 2, 1,

âîçìîæíî, ñ ïîâòîðåíèÿìè. Ñëåäîâàòåëüíî,

M = C
3
9 = C3

9+3−1 = C3
11 =

11!

3!8!
= 165.

Ïîýòîìó

P (A) =
M

N
=

165

900
=

11

60
.

Îòâåò: à) 4
30 = 0, 13333 , á) 11

60 = 0, 1833.

▷ 8. Ïóñòü x, y, z - ïîëîæèòåëüíûå âåùåñòâåííûå ÷èñëà, óäîâëåòâîðÿþùèå

ðàâåíòñâó x + y + z = 1. Íàéäèòå íàèìåíüøåå ïîëîæèòåëüíîå çíà÷åíèå a

òàêîå, ÷òî äëÿ ëþáîé òðîéêè (x, y, z) âûïîëíÿåòñÿ íåðàâåíñòâî a1−x

1−x + a1−y

1−y +

a1−z

1−z ⩾ 405
2

3
√
45.

Ðåøåíèå:

Îöåíèì íàèìåíüøåå çíà÷åíèå âûðàæåíèÿ a1−x

1−x + a1−y

1−y + a1−z

1−z

Ïðèìåíèì íåðàâåíñòâî î ñðåäíèõ äëÿ òðåõ ÷èñåë:

a1−x

1−x + a1−y

1−y + a1−z

1−z ⩾
3
√
a3−(x+y+z) 3

√
1

(1−x)(1−y)(1−z) = 3a
2
3 · 1

3
√

(1−x)(1−y)(1−z)

Òåïåðü çàìåòèì, ÷òî 1− x = y + z, 1− y = z + x, 1− z = x+ y. Îáîçíà÷èì

y+ z = u, z+x = v, x+ y = t. Òîãäà u+ v+ t = 2 è 1
3
√

(1−x)(1−y)(1−z)
= 1

3√uvt
.

Ïî íåðàâåíñòâó î ñðåäíèõ

2

3
=

u+ v + t

3
⩾ 3

√
uvt

1
3
√
uvt

⩾
3

2

Òàêèì îáðàçîì, íàèìåíüøåå çíà÷åíèå äàííîãî âûðàæåíèÿ ðàâíî 9
2a

2
3 (ðà-

âåíñòâî ïðè x = y = z = 1
3). Ýòî âîçðàñòàþùàÿ ôóíêöèÿ, à ïîòîìó òåïåðü

äîñòàòî÷íî ðåøèòü óðàâíåíèå

9

2
a

2
3 =

405

2
3
√
45

a = 2025

Îòâåò: 2025.

▷ 9. Íàçîâåì ñëîâîì ëþáóþ ïîñëåäîâàòåëüíîñòü ëþáûõ ñèìâîëîâ. Àí-

äðåé èãðàåò â èãðó: â íà÷àëå åìó âûäàåòñÿ íàáîð èç 2026 ñëîâ, ñîñòîÿùèõ

íå áîëåå, ÷åì èç 2025 áóêâ. Àíäðåé ìîæåò çà 1 õîä ïðèïèñàòü ê ëþáîìó

ñëîâó ïîñëåäîâàòåëüíîñòü, ñîñòîÿùóþ ðîâíî èç 2025 áóêâ, òåì ñàìûì èç-

ìåíèâ ýòî ñëîâî. Èãðà çàêàí÷èâàåòñÿ, åñëè ÷åðåç íåñêîëüêî õîäîâ Àíäðåé

ìîæåò ïîëó÷èòü íàáîð, â êîòîðîì íàéäóòñÿ äâà îäèíàêîâûõ ñëîâà. Âñåãäà

ëè Àíäðåé ìîæåò âûèãðàòü? Åñëè îòâåò ïîëîæèòåëüíûé, òî íàéäèòå, çà êà-

êîå íàèìåíüøåå ÷èñëî õîäîâ Àíäðåé âûèãðûâàåò íåçàâèñèìî îò èñõîäíîãî

íàáîðà þñëîâ.

Ðåøåíèå:

Î÷åâèäíî, ÷òî â äàííîì íàáîðå ñëîâ íàéäóòñÿ äâà ñëîâà s è w, ñîñòîÿ-

ùèå èç îäèíàêîâîãî ÷èñëà áóêâ (âñåãî ñëîâ 2026, à ðàçëè÷íûõ äëèí íå áîëåå

2025, ïîñêîëüêó äëèíû ñëîâ íå ïðåâîñõîäÿò 2025). Äëèíó ñëîâà ëþáîãî ñëî-

âà x áóäåì îáîçíà÷àòü |x|. Òîãäà ïîëó÷àåì |s| = |w|. Åñëè s = w, òî Àíäðåé



âûèãðàë. Åñëè s ̸= w, òî îí áóäåò ïðèäåðæèâàòüñÿ ñëåäóþùåé ñòðàòåãèè:

ïåðâûì õîäîì ê ñëîâó s îí ïðèïèøåò ëþáóþ ïîñëåäîâàòåëüíîñòü l èç 2025

áóêâ, îêàí÷èâàþùóþñÿ ñëîâîì w, òîãäà ñëîâî s ïðåâðàòèòñÿ â ñëîâî sl.

Âòîðûì õîäîì Àíäðåé ïðèïèøåò ê ñëîâó w ñëåâà ïåðâûå 2025 áóêâ ñëî-

âà sl (ïóñòü ýòè áóêâû ñîñòàâëÿþò ïîñëåäîâàòåëüíîñòü t.) Òîãäà ïîëó÷àåì

tw = sl.

Èòàê, óæå äîêàçàíî, ÷òî Àíäðåþ äëÿ ïîáåäû òðåáóåòñÿ íå áîëåå 2 õîäîâ.

Äîêàæåì, ÷òî çà 1 õîä âûèãðàòü ïîëó÷èòñÿ íå âñåãäà. Äëÿ ýòîãî ðàññìîò-

ðèì íàáîð èç ñëîâ âèäà a, aa, . . . , a . . . a (2025 áóêâ a) è b. Àíäðåþ òî÷íî

ïðèäåòñÿ ñäåëàòü õîòÿ áû 1 õîä, ïîñêîëüêó îäèíàêîâûõ ñëîâ â èñõîäíîì

íàáîðå íåò. Ñäåëàâ ïåðâûé õîä, Àíäðåé óâåëè÷èò äëèíó êàêîãî-òî èç ñëîâ

íà 2025. Òîãäà â ýòîì ñëîâå áóäåò íå ìåíåå 2026 áóêâ (ïîñêîëüêó â íàøåì

íàáîðå íàèìåíüøåå ÷èñëî áóêâ â ñëîâå ðàâíî 1). Ýòî ñëîâî íå áóäåò ðàâíî

íè îäíîìó îñòàëüíûõ èç èìåþùèõñÿ, ïîñêîëüêó îíî äëèííåå âñåõ ñëîâ èñ-

õîäíîãî íàáîðà. Âñå îñòàëüíûå ñëîâà íå ðàâíû ïî óñëîâèþ. Òàêèì îáðàçîì,

çà 1 õîä äîáèòüñÿ ïîáåäû íå ïîëó÷èòñÿ, ñëåäîâàòåëüíî, ïîòðåáóåòñÿ íå ìå-

íåå äâóõ õîäîâ äëÿ ãàðàíòèðîâàííîé ïîáåäû.

▷ 10. Ñæ¼ ôù¼ü¼ ìä÷¼ ü¼ïãôùëó¼å¼ òùã òëþëöã ôíåðâãã f(x) = 33
{
7x−1
33

}
+

1. Å¼éáãæç çî åçòëáóãõåäç æëèðã.

Ðåøåíèå:

Áóêâ â ðóññêîì àëôàâèòå 33.

Èòàê, Âû äîãàäàëèñü, ÷òî ôóíêöèÿ f(x) = 33
{
7x−1
33

}
+ 1 è åñòü êëþ÷ ê

øèôðîâêå. Çäåñü ñêîáêè { } îáîçíà÷àþò äðîáíóþ ÷àñòü ÷èñëà. Ôóíêöèÿ

f(x) ïåðåâîäèò öåëîå ÷èñëî îò 1 äî 33 â äðóãîå öåëîå ÷èñëî (ò.å. áóêâó ïî

ìåñòó â àëôàâèòå â äðóãóþ áóêâó). Äëÿ ðàñøèôðîâêè èñïîëüçîâàòü ôóíê-

öèþ íå ïîëó÷àåòñÿ, çíà÷èò, îíà áûëà èñïîëüçîâàíà äëÿ øèôðîâêè. Ñîñòà-

âèì òàáëèöó äåøèôðîâêè:

Ïîëó÷èëàñü ôðàçà �Ýòà ôðàçà áûëà çàøèôðîâàíà ïðè ïîìîùè ôóíêöèè

f(x) = 33
{
7x−1
33

}
+ 1. Íàéäèòå å¼ íåïîäâèæíûå òî÷êè. �

Íàéä¼ì íåïîäâèæíûå òî÷êè.

f(x) = x

33

{
7x− 1

33

}
+ 1 = x;

{
7x− 1

33

}
=

x− 1

33
;

7x− 1

33
−
[
7x− 1

33

]
=

x− 1

33
;

[
7x− 1

33

]
=

2x

11

Îáîçíà÷èì
[
7x−1
33

]
= n, ãäå n - öåëîå ÷èñëî. Òîãäà 2x

11 = n ⇒ x = 11n
2 .

Ïîäñòàâèì â âûðàæåíèå[
77n
2 − 1

33

]
= n;

[
77n− 2

66

]
= n;

[
n+

11n− 2

66

]
= n,

Ñëåäîâàòåëüíî, 0 ⩽ 11n−2
66 < 1. Îòñþäà 2

11 ⩽ n < 68
11 , ò.å. 1 ⩽ n ⩽ 6.

Ïîëó÷àåì 6 òî÷åê 11
2 , 11,

33
2 , 22,

55
2 , 33.

Îòâåò: 11
2 , 11,

33
2 , 22,

55
2 , 33.


